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Abstract—This paper studies stability analysis of DC micro-
grids with uncertain constant power loads (CPLs). It is well
known that CPLs have negative impedance effects, which may
cause instability in a DC microgrid. Existing works often study
the stability around a given equilibrium based on some nominal
values of CPLs. However, in real applications, the equilibrium
of a DC microgrid depends on the loading condition that often
changes over time. Different from many previous results, this
paper develops a framework that can analyze the DC microgrid
stability for a given range of CPLs. The problem is formulated
as a robust stability problem of a polytopic uncertain linear
system. By exploiting the structure of the problem, we derive a
set of sufficient conditions that can guarantee robust stability.
The conditions can be efficiently checked by solving a convex
optimization problem whose complexity does not grow with the
number of buses in the microgrid. The effectiveness and non-
conservativeness of the proposed framework are demonstrated
using simulation examples.
I. INTRODUCTION
A DC microgrid is a direct current power network that con-
sists of locally-controlled sources and loads [1]–[3]. Directly
connecting DC components allows for a simple integration of
renewable generations and reduces unnecessary power conver-
sion losses [4]. DC microgrids are finding various applications
in more electric aircraft, naval ships, data centers, among
others [5]–[10]. With advanced power electronic devices, the
transient behavior in the power outputs of many loads can be
neglected, and these loads can be modeled as constant power
loads (CPLs) [11]–[14].
Stability analysis problems for DC microgrids with CPLs
have been studied in the literature. The CPLs are nonlinear
and exhibit a negative impedance V-I characteristic, which
may cause instability of a DC microgrid [15], [16]. Some
researchers study the stability of a DC microgrid around a
fixed equilibrium calculated based on some nominal values
of the CPLs [11], [17]–[21], [21], [22]. One major chal-
lenge lies in the nonlinearity contributed by the CPLs. To
tackle the nonlinearity, some linearize a DC microgrid at a
given equilibrium and analyze the resulting linearized system.
In [17], Nyquist stability criteria is used to determine the
stability of a given equilibrium. In [22], the authors give
conditions on the existence of an equilibrium for a DC
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microgrid. Then, the eigenvalues of the linearized system
matrix is analyzed [18]. Others approximate the nonlinear
DC microgrid system with linear systems [11], [20]. In [11],
the nonlinearity is treated as a bounded noise so that a DC
microgrid can be modeled by a linear system with additive
uncertainty. In [20], fuzzy modeling method is adopted to ap-
proximate the nonlinear system with a series of linear systems.
With the resulting linear systems, estimations of the region
of attraction around some known equilibria can be obtained
by iteratively exploiting quadratic Lyapunov functions. Still
others have devised different forms of Lyapunov-like functions
to deal with the nonlinearity [20], [21]. For example, in [21]
a potential function based on Brayton-Moser method [23] is
used to prove the local stability of a given equilibrium. In the
meantime, stability analysis problems may also arise in some
DC microgrid consensus problems such as fair load sharing
and voltage regulations [5], [7], [8], [24]. The key to solving
such problems is shaping the system equilibria to have the
desired consensus. This shaping is usually realized by dynamic
consensus controllers [25]. For example, in [8], an distributed
integral controller is used for voltage regulation. Still, the
consensus cannot be reached if the equilibrium is not stable.
Both linearization [7] and Lyapunov-like method [24] has been
used for such stability analysis. In [7], the linearization method
is used with a given equilibrium for average voltage regulation
and current sharing. In [24], Bregman storage functions [26]
are utilized to solve a power sharing problem. The steady
state of a DC microgrid with CPLs is studied in the paper.
It is represented by a static model. The static model can
be physically interpreted as a resistive circuit, which has
no dynamic components such as inductors or capacitors. A
dynamic consensus controller is used to make the resistive
circuit reach some desired steady states. This act is equivalent
to using a dynamic distributed algorithm to find the solution
of algebraic equations. Some conditions with respect to re-
sistance and negative impedance are shown to determine the
convergence of the algorithm as well. Nevertheless, since the
paper only considers a static model the convergence of the
algorithm cannot ensure the stability of a DC microgrid with
dynamic components. Modifications of the storage function
similar to that of [21] could be used, but the knowledge of the
equilibrium is still needed for the stability analysis.
Despite the rich literature on DC microgrids, existing works
have several limitations. First, existing stability analysis meth-
ods are based on a fixed equilibrium and require to know
its exact value a priori [11], [17]–[21], [21], [22], [25].
However, in real applications, the system equilibrium depends
on uncertain CPLs and changes over time [27], [28]. Second,
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2existing works mostly consider single-bus DC microgrids [11],
[13], [18], [20]. It is unclear how the proposed methods can
be extended to more general topology that often arises in
real applications [29]. Third, many methods proposed in the
literature are ad hoc in nature and are specific to a particular
application scenario [7], [8], [18], [24], [30]. There lacks a
systematic method to analyze the stability of the closed loop
system, especially when uncertain CPLs and general topology
are considered.
In this paper, we formulate and study the robust stability
problem of a general DC microgrid with uncertain CPLs. We
assume that the power of each CPL may take arbitrary values
within a given interval. As a result, the vector of the overall
CPL power lies in a polytopic uncertainty set. Different CPL
vectors in the uncertainty set may lead to different system
equilibria. We call the system locally robustly stable if all
the resulting equilibria are locally exponentially stable. We
show that checking robust stability of a general DC microgrid
can be formulated as a robust stability analysis problem of
linear systems with polytopic uncertainties on system matrices.
Existing results on linear uncertain systems [31]–[35] can be
used to derive sufficient locally robust stability conditions;
however, these conditions are computationally challenging to
verify and may be over conservative. For example, in [36] the
authors use state space sampling method to have a polytopic
set with n vertices and solve an LMI problem with 2n
constraints. In this paper, we show that for our DC microgrid
robust stability problems, the parameter uncertainty lies in the
diagonal entries of the system matrix. We take advantage of
this structure and derive a set of sufficient conditions that can
be efficiently checked to guarantee locally robust stability. The
conservativeness issue is also discussed in the paper, we obtain
an approximated quantification of the conservativeness of the
proposed work. By virtue of the quantified conservativeness, a
quantitative relationship between the CPL power and voltage
is derived, which is useful for DC microgrid operations. For
example, with given CPL power range one can compute a
constraint for CPL voltage for stability. When the voltage
constraint is satisfied during operation, the DC microgrid
can be guaranteed to be locally exponentially stable. To our
knowledge, the robust stability problem formulated in this
paper has not been studied in the DC microgrid literature,
and our results provide new insights for stability analysis of
DC microgrids with uncertain CPLs.
The rest of the paper is organized as follows, Section II
presents a model for a general DC microgrid with CPLs,
Section III develops the locally robust stability framework,
Section IV uses a simulation study to verify the main results,
and Section V concludes the paper and discusses future
research directions.
II. GENERAL DC MICROGRID MODELLING
In this paper, we consider an n-bus DC microgrid shown
in Fig. 1. These buses form an undirected graph defined by
G = (V, E) where each element in the vertex set V represents
one DC microgrid bus, and each element in the edge set E
represents one transmission line between two buses. If (k, j) ∈
E , we say that the jth bus is a neighboring bus of the kth bus.
Let the set Nk have the indices of all the neighboring buses
of the kth bus. Let W ∈ Rn×n be the adjacency matrix.
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Fig. 1. The n-bus DC microgrid
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Fig. 2. The kth bus of the DC microgrid
To simplify discussion, we assume that there is one con-
trollable voltage source and one constant power load (CPL)
on each bus. The equivalent circuit model of the kth bus is
depicted in Fig. 2. In this section, we will first develop a dy-
namic model for bus k, and then construct the overall dynamic
model for the entire microgrid. Note that the modeling method
can be easily extended for DC microgrids with multiple (or
none) sources or loads on some buses.
A. Dynamic Model for Bus k
1) Voltage Source: We assume that each bus has one con-
trollable voltage source with standard V-I droop control [37].
Let vk and isk be the terminal voltage and output current of the
source on Bus k, respectively. The source connects with the
rest of the microgrid through a resistor and an inductor. The
current isk is the state variable for the source. The dynamics
of isk are given by,{
Lsk
disk
dt = vk − rskisk − vbk
vk = v
ref
k − dkisk
, (1)
where Lsk and rsk are the source inductance and resistance,
vbk is the voltage of the kth DC bus, vrefk and dk are the droop
3reference and droop gain, respectively. Here, we have ignored
the internal dynamics of the power electronic devices, which
is a standard assumption for microgrid stability and control
problems [5].
2) CPL: The load is a CPL and is modeled as a current sink
whose current injection is given by the CPL power divided by
the CPL voltage [12], [15], [16]. The CPL is connected with
the microgrid through an equivalent RLC filter. Let vlk and
ilk be the terminal CPL voltage and the current injection into
the filter, respectively. The CPL voltage vlk equals the voltage
across the capacitor in parallel with the current source. The
current ilk flows from the DC bus capacitor and feeds the load
through an inductor and a resistor. Here, vlk and ilk are two
state variables of the CPL. The dynamics of the state variables
are given by, {
Llk
dilk
dt = vbk − rlkilk − vlk
Clk
dvlk
dt = ilk − pkvlk
, (2)
where Llk, rlk, Clk are load inductance, resistance, and
capacitance, respectively, and pk is the power of the CPL.
In (2), the current injection into the current sink is pk/vlk,
making the power injection to be pk. We assume that pk is
uncertain and may take any value in the interval [pk, pk] where
pk ≥ pk ≥ 0. One can see that the CPL introduces an additive
nonlinear term pk/vlk in (2).
3) DC Link Capacitor: The DC bus voltage of the kth
bus, vbk, is the voltage across the DC link capacitor. It is
determined by the source current, the load current, and the
transiting currents between the neighboring buses. The DC bus
voltage, vbk, is the state variable for the DC link capacitor, and
its dynamics are given by,{
Cbk
dvbk
dt = isk − ilk −
∑
j∈Nk ikj
ikj =
vbk−vbj
rkj
, (3)
where Nk is the set of indices of all the neighboring buses of
the kth bus, Cbk and rkj are the DC link capacitance of the
kth bus and the equivalent resistance of the transmission line
between the kth and jth buses, respectively. Note that Nk is
determined by the microgrid network topology.
B. n-bus DC Microgrid
We now combine the individual models of the sources,
CPLs, and the DC link capacitors on all the n buses to obtain
the overall model of the DC microgrid.
Let ix, vx ∈ R2n, p, v, and vref ∈ Rn, be the vectors of
all the source and CPL currents, DC bus and CPL voltage,
load power, source voltage, and droop references, respectively.
They are given as follows,
ix=[is1,· · ·, isn, il1,· · ·, iln]T,vx=[vB1, · · · , vBn, vl1, · · · , vln]T,
p=[p1,· · ·,pn]T , v=[v1,· · ·,vn]T, vref=[vref1 ,· · ·,vrefn ]T .
In addition, define a vector x ∈ R4n and a nonlinear function
h(·, ·) : Rn × R4n → Rn as follows,
x = [iTx , v
T
x ]
T , h(p, x) = [− p1
vl1
, · · · ,− pn
vln
]T .
The vector x stacks all the current and voltage states of the
components, and the nonlinear function h(p, x) contains the
additive nonlinear terms in (2).
Let Dk ∈ R4n×4n, and only its kth diagonal entry is non-
zero and is 1.
With the above notation, the overall microgrid dynamics can
be written in the following compact form:
x˙ = Ax+Bvref + Ch(p, x), A = A0 −B
n∑
k=1
dkDk, (4)
where the matrices A, A0 ∈ R4n×4n, and B, C ∈ R4n×n. The
matrix A0 is the system matrix of the open loop DC microgrid
without the V-I droop control, and it is determined by the
system parameters and topology. When the droop control is
utilized, the matrix A is the system matrix of the closed loop
system. Other than the parameters and topology, A depends
on the droop gains as well.
We now briefly discuss how the matrices A, B, and C can
be constructed from individual bus models (1)-(3) as well as
the system topology. Substituting isk = xk, vbk = x2n+k into
(1) yields,
disk
dt
= x˙k =
1
Lsk
vrefk −
rsk + dk
Lsk
xk − 1
Lsk
x2n+k,
thus, Akk = −(rsk+dk)/Lsk, Ak(2n+k) = −1/Lsk, Bkk = 1.
In addition, C =
∑n
k=1 1/ClkD3n+k from (2). Furthermore,
from (3), if j ∈ Nk, then A(2n+k)(2n+j) = 1/rkj , and
A(2n+k)(2n+k) = −|Nk|/rkj , where | · | gives the cardinality
of a set. This demonstrates how the matrix A depends on the
system topology.
Remark 1. In deriving the microgrid model (4), we
have adopted a commonly used resistive transmission line
model [5]. The modeling method can be applied to other
transmission line types. For example, regarding transmission
line Π-model [38] that has an equivalent capacitor on each end
of the line, the capacitors are in parallel with the DC bus link
capacitors and can be directly combined with them. Hence, the
resulting model is still in the form of (4) with modified Cbk
parameters. For Π-model with equivalent line inductance [38],
another state that represents the line current can be added. It
will also result in a microgrid model similar to (4) with an
increased state dimension.
Remark 2. Recently, different control laws have been proposed
to replace the V-I droop control [6], [7], [11]. The modeling
method presented in this paper and the corresponding stability
results can be easily extended to DC microgrid with these
control laws. In Section III-C, we exemplify it by applying the
proposed methods to a DC microgrid with distributed control.
Remark 3. Depending on the control of the power electronic
devices, there are different types of sources [39], [40]. With
controlled current output, one source can be seen as a current
source [41]. If the output current is regulated to be linear in
the system state, the modeling method of the source can be
directly applied. For instance, with current droop control [39],
the current output of the source is linear in the output voltage,
isk = i
ref
sk − dkvk, where irefsk and dk are constants, and
source voltage vk is measured at each instant. Thus, the doop
4controlled current source can be modeled as a constant current
source, i∗sk, in parallel to a virtual resistance, 1/dk. We can
use the following model to represent the source:{
Lsk
disk
dt = vk − rskisk − vbk
isk = i
ref
sk − dkvk
,
and this linear model can be directly incorporated into
model (4). Meanwhile, with output power under control a
source can be seen as a power source [40]. Let psk be the
power output of the source. If a power source is involved
in the system, it can be modeled as a current source with
nonlinear power output in the state, psk/vk, as we model the
CPL. Hence, the main idea and results of this paper can be
extended to the power source as well.
III. ROBUST STABILITY FRAMEWORK
A. Robust Stability under Uncertain CPLs
The stability analysis of system (4) is crucial for DC
microgrid applications since the CPLs might cause instability.
In this paper, the uncertain CPL power p is assumed to be
physically bounded in a polytopic set P defined as follows,
P = {p : pk ∈ [pk, pk], k = 1, · · · , n} .
We aim at analyzing the stability of system (4) with un-
certain p ∈ P . The challenge of the analysis lies in that the
equilibria of the system are difficult to find [42]. With n CPLs,
one needs to solve n quadratic equations to obtain the equilib-
ria of system (4). In general, there are 2n solutions and there
are no general results to determine which one is the actual
equilibrium the system will converge to [43]. Furthermore,
the solution of the equations changes with respect to p. With
uncertain CPL power profile p, the set of possible equilibria
cannot be characterized for a general DC microgrid.
Due to the lack of a predetermined equilibrium, we study the
stability of all the possible equilibria that are feasible for the
microgrid. For a vector p ∈ P , let xe ∈ R4n be an equilibrium
of system (4). At xe, let the steady state voltage of the kth CPL
be velk, define a vector v
e
l = [v
e
l1, · · · , veln]T . Assume that an
operationally feasible CPL voltage vector has to lie inside a
known constraint set Vel in the following form,
Vel =
{
vel ∈ Rn : velk ∈ [velk, velk], k = 1, · · · , n
}
,
where velk ≥ velk ≥ 0.
As p varies in P , xe changes accordingly. Some equilibria
might not be physically admissible by the circuit. We thus
focus on the following set of equilibria whose corresponding
CPL voltage lies in Vel ,
Xe(P,Vel)=
{
xe∈R4n:Axe+Bvref+Ch(p, xe)=0,p∈P,vel ∈Vel
}
.
Definition 1. System (4) is said to be locally robustly stable if
any equilibrium in the set Xe(P,Vel ) is locally exponentially
stable.
The above defined locally robust stability is not exactly the
same as the definition used in the classical robust control
literature [44], [45]. The classical robust control typically
studies the stability of one predetermined equilibrium under
uncertainty. Note that such an equilibrium is not available for
DC microgrids with uncertain CPLs, we study all the equilibria
lying in Xe(P,Vel ).
B. Robust Stability Analysis
This subsection develops methods to analyze the locally ro-
bust stability defined in Definition 1. We derive sufficient con-
ditions to guarantee the locally robust stability of system (4).
Computationally efficient convex optimization problems are
formulated to facilitate the analysis.
Let xe be an arbitrary equilibrium in Xe(P,Vel ). Linearizing
system (4) around xe yields,
z˙ = Azz, Az = A+
n∑
k=1
δkD3n+k, (5)
where z ∈ R4n is the state variable of the linearized sys-
tem, Az ∈ R4n×4n is the linearized system matrix, and
δk = pk/(Clk(v
e
lk)
2), which is obtained by linearizing the kth
entry of Ch(p, x) at xe. Since pk and velk vary in [pk, pk] and
[velk, v
e
lk], respectively, δk takes value in an interval, [δk, δk],
where δk = pk/(Clk(velk)
2) and δk = pk/(Clk(velk)
2). Note
that the overall uncertainty of pk and velk is captured by δk.
The system matrix Az is an uncertain matrix, and it belongs
to a set Az defined as follows,
Az=
{
Az∈R4n×4n :Az=A+
n∑
k=1
δkD3n+k, δk ∈ [δk, δk]
}
. (6)
The set Az is a polytopic set, and it has 2n vertices. Let the
matrix Avj be the j
th vertex of the set Az . It can be written in
the form: Avj = A+
∑n
k=1 δkD3n+k with δk = δk or δk = δk.
Recall that a matrix is Hurwitz stable if all of its eigenvalues
have negative real parts. Given a CPL uncertainty set P and a
voltage constraint set Vel , all the possible equilibria lie inside
Xe(P,Vel ) and all the possible linearized system matrices lie
inside Az . Therefore, system (4) is locally robustly stable if
all the matrices in Az are Hurwitz stable. Notice that there are
infinitely many elements in the set Az . As a standard result in
linear uncertain systems, to ensure stability of all the matrices
in Az , it suffices to have a common Lyapunov function for all
the vertices of Az [36], [46], [47].
For a matrix M , let M  0 and M ≺ 0 represent that
M is positive definite and negative definite, respectively, let
M  0 and M  0 represent that M is positive semidefinite
and negative semidefinite, respectively.
Lemma 1. System (4) is locally robustly stable if ∃P = PT 
0 satisfying
PAvj + (A
v
j )
TP ≺ 0, j = 1, · · · , 2n. (7)
Remark 4. If constraints (7) are all feasible for some P =
PT  0, U(z) = zTPz is a common Lyapunov function
for the vertices in Az . Since Az is a polytopic set, any
matrix Az ∈ Az can be expressed as a convex combination
of its vertices [46]. Thus, the function U(z) is a common
Lyapunov function for all the matrices in Az as well, and any
matrix Az ∈ Az is Hurwitz stable by Lyapunov method for
stability [47].
5Checking the condition given in Lemma 1 is a linear matrix
inequalities (LMIs) feasibility problem, which can be checked
efficiently [48]. There are 2n LMIs involved in the feasibility
problem. Even though LMIs can be checked efficiently, when
n is nontrivial the computation burden could still be huge. This
limits the applicability of Lemma 1 for general DC microgrid
stability analysis.
This limitation can be eliminated by making use of the
special structure of the matrix Az . One can observe that each
δk lies on one diagonal entry of Az . We take advantage of this
structure and transform the condition from checking 2n LMIs
to solving a convex optimization problem whose complexity
does not increase with n.
Let Az ∈ Az be the element-wise maximum of all the
matrices in Az , i.e. it is given by
Az = A+
n∑
k=1
δkD3n+k.
Let the largest value of all δk, k = 1, · · · , n, be δmax. It is
worth pointing out that Az and δmax are deterministic and can
be obtained easily. In addition, let ∆δk = δk − δk and let Qj
be a matrix defined as follows,
Qj = P
n∑
k=1
∆δkD3n+k + (
n∑
k=1
∆δkD3n+k)
TP. (8)
Lemma 2. System (4) is locally robustly stable if ∃P = PT 
0, γ > 0, and t > 0 such that the following optimization
problem is feasible,
min
P,t,γ
t− γ (9)
subj. to: PAz +A
T
z P  −γI4n,
P  tI4n, 2t · δmax < γ,
P = PT , P  0, γ > 0, t > 0.
Remark 5. The proof of Lemma 2 is reported in Appendix A.
Instead of solving the feasibility problem given in Lemma 1
that involves 2n LMIs, the condition derived in Lemma 2
allows us to verify the locally robust stability by solving a
convex optimization problem with only one set of LMIs. One
explanation is that for Lemma 1, we need to check the stability
of 2n DC microgrids with different CPL power and steady
state voltage. In Lemma 2, we only check the stability of one
DC microgrid in an extreme case where each CPL is operated
at its own maximum power and the lowest steady state voltage.
Meanwhile, we find an upper bound on the largest difference
between the parametric uncertainty in this case and those in
the others. The satisfaction of this upper bound along with the
stability of the DC microgrid in the extreme case guarantees
the locally robust stability of the DC microgrid.
The feasibility of problem (9) guarantees the locally robust
stability of system (4). The cost function of the problem is
motivated by the structure of the constraints. When there exists
multiple solutions, cost function (9) selects the “optimal”
solution that minimizes the function t− γ. The cost function,
however, does not affects the feasibility of the problem, and
any other convex cost functions can be utilized.
Problem (9) only checks the Hurwitz stability of one matrix
Az and has a constraint on δmax. We find that by lower bound-
ing the smallest eigenvalue of every Qj , the Hurwitz stability
of Az ensures the locally robust stability. This upper bound can
be ensured by upper bounding the largest possible parameter
uncertainty δmax. The price we pay for such a complexity
reduction is the increased conservativeness coming from the
difference between the original lower bound and the uniform
constraints. In other words, there can be locally robustly stable
microgrids that satisfy the conditions in Lemma 1, but fail to
satisfy the condition in Lemma 2. The conservativeness can
be reduced when we directly focus on the smallest eigenvalue
of each matrix Qj in the program by introducing constraints
such as −γI4n ≺ Qj , j = 1, · · · , 2n. Nevertheless, this again
increases the computational complexity by adding another 2n
constraints. We next show that this can be accomplished by
adding only a polynomial number of constraints.
To simplify notation, we define a matrix Gk as follows,
Gk = PD3n+k +D3n+kP.
Proposition 1. System (4) is locally robustly stable if ∃P =
PT  0, γ0, · · · , γn > 0, η1, · · · , ηn > 0, such that the
following optimization problem is feasible,
min
P,γ0,··· ,γn,η1,··· ,ηn
−
n∑
k=0
γk (10)
subj. to: PAz +A
T
z P  −γ0I4n,
n∑
k=1
ηk = γ0,
δk ·Gk  (γk − ηk)I4n, k = 1, · · · , n,
γk > 0, ηk > 0, k = 1, · · · , n,
P = PT , P  0, γ0 > 0.
Proof. We assume that problem (10) is feasible. Let P =
PT  0, γ0, · · · , γn > 0, and η1, · · · , ηn > 0 be the solution
of the problem. From Lemma 2, to prove that system (4) is
locally robustly stable, we only need to show that the smallest
eigenvalue of Qj is greater than γ0.
The matrix Qj can be expressed in terms of Gk and ∆δk
as follows,
Qj=P
n∑
k=1
∆δkD3n+k+(
n∑
k=1
∆δkD3n+k)
TP=
n∑
k=1
∆δkGk. (11)
Since Qj is symmetric, its smallest eigenvalue is given by
minyT y=1 y
TQjy. Substituting (11) into minyT y=1 yTQjy
yields,
min
yT y=1
yTQjy = min
yT y=1
yT
(
n∑
k=1
∆δkGk
)
y.
By Weyl’s inequality,
min
yT y=1
yTQjy ≥
n∑
k=1
∆δk min
yT y=1
yTGky.
From the inequality δk · Gk  (γk − ηk)I4n, the smallest
eigenvalue of Gk is lower bounded, minyT y=1 yTGky ≥
6∆δk(γk − ηk)/δk. In addition, seeing that γk > 0, and
0 ≤ ∆δk/δk ≤ 1,
min
yT y=1
yTQjy > −
n∑
k=1
∆δk
δk
ηk ≥ −
n∑
k=1
ηk = −γ0,
thus, the smallest eigenvalue of Qj is greater than −γ0, and
this completes the proof.
Proposition 1 divides the smallest eigenvalue of Qj into n
portions and constrains each of them. It directly uses the small-
est eigenvalues of the matrices, which can potentially reduce
the conservativeness. In addition, the number of constraints
in convex problem (10) grows polynomially with respect to
the number of buses, n. This makes the condition numerically
more tractable than methods like Lemma 1. Intuitively, we
focus on each of the n CPLs instead of just bounding the
largest parameter uncertainty difference. When the bound on
every CPL is met, the locally robust stability is ensured. It
exempts the need for checking exponentially many constraints,
and avoid the potential conservativeness induced by Lemma 2.
Due to its advantages in terms of computational efficiency and
conservativeness, it has better applicability for practical DC
microgrid applications.
C. Discussions of the Proposed Framework
The locally robust stability framework provides a set of
sufficient conditions to determine the locally robust stability
of system (4). In this subsection, we show two insights into
the results.
1) Critical Case Interpretation: To solve problem (9) or
problem (10), we only need to know the matrix Az a priori. By
definition, the matrix Az can be recognized as the linearized
system matrix of the DC microgrid in a case where each CPL’s
power reaches the upper bound and each CPL’s steady state
voltage reaches the lower bound. With given constraint sets P
and Vel , Az is deterministic and is simple to obtain. We call
this case the critical case of the DC microgrid with constraint
sets P and Vel . It is convenient to interpret the locally robust
stability framework as checking some properties of the DC
microgrid in the critical case (e.g., the Hurwitz stability of the
linearized system matrix) to guarantee the stability of the DC
microgrid in all possible scenarios.
Since the critical case depends on the constraint sets, if
the sets are modified the corresponding critical cases will
differ. Suppose the constraint sets are changed into Pˆ and
Vˆel , respectively, we study the equilibria of system (4) that
lie inside an operationally feasible set Xˆe(Pˆ, Vˆel ). Let the
linearized system matrix of the critical case after the change
be given by
Aˆz = A+
n∑
k=1
δˆkD3n+k,
where δˆk is the new upper bound of each δk with respect to
the modified constraint sets Pˆ and Vˆel . It is worth mentioning
that the system parameters (e.g., CPL capacitance Clk) and
topology will not change with the two sets, i.e. the matrix A
does not depends on Pˆ and Vˆel .
Recall the definition of locally robust stability, we call
system (4) locally robustly stable with Xˆe(Pˆ, Vˆel ) if any
xe ∈ Xˆe(Pˆ, Vˆel ) is locally exponentially stable. Since solving
problem (9) or problem (10) only requires to know the
linearized system matrix of the critical case, to simplify dis-
cussion we use P1(Az) and P2(Az) to represent problem (9)
and problem (10), respectively, when Az is utilized in the
problems.
Notice that the feasibility of Pl(Az) is not a sufficient
condition for the feasibility of Pl(Aˆz), l = 1 or 2, and
it does not necessarily guarantee the locally robust stability
with Xˆe(Pˆ, Vˆel ). Therefore, one may need to employ the
locally robust stability framework whenever there are changes
happened to the constraint sets. Even though the conditions
given in the framework can be checked efficiently, for a
DC microgrid with constantly changing constraint sets the
repetitive computational efforts may still be undesirable.
We next derive a condition to guarantee the locally robust
stability with Xˆe(Pˆ, Vˆel ) of system (4) without solving Pl(Aˆz),
l = 1 or 2, repeatedly when the constraint sets change.
Corollary 1. System (4) is locally robustly stable with
Xˆe(Pˆ, Vˆel ) if the problem Pl(Az) is feasible, l = 1 or 2, and
δk ≥ δˆk, ∀k = 1, · · · , n.
Proof. For the DC microgrid after the change, its linearized
system matrix Az lies inside a set Aˆz given as follows,
Aˆz=
{
Az∈R4n×4n :Az=A+
n∑
k=1
δkD3n+k, δk ∈ [0, δˆk]
}
.
Notice that although δk ≥ δˆk the set Aˆz does not necessarily
belong to Az given in (6), because of the difference in the
lower bound of δk.
If δk ∈ [δk, δˆk], Az ∈ Az . Since problem Pl(Az) is feasible,
l = 1 or 2, Az is Hurwitz stable.
If δk ∈ [0, δk), Az can be expressed in the similar form
of (12) as follows,
Az = Az −
n∑
k=1
∆δkD3n+k,
where ∆δk = δk − δk. By utilizing the similar arguments for
the proof of Lemma 2 and Proposition 1, Az can be shown to
be Hurwitz stable as well when δk ∈ [0, δk). This completes
the proof.
Corollary 1 presents a condition that reduces the repetitive
efforts of checking the robust stability framework. When
Pl(Az) is feasible for l =1 or 2, the key to make the condition
satisfied is to guarantee the upper bound for each δk not
increased. Furthermore, it implies that when δk is smaller
the conditions proposed in the paper is more easily to be
satisfied, and the DC microgrid is more likely to be locally
robustly stable. Recall that δk = pk/(Clk · velk)2. One method
is to increase the load capacitance, Clk. This provides one
explanation for the observations that larger capacitor increases
the stability region of DC microgrid [11]. Another method is to
decrease the CPL power upper bound, pk. In addition, even if
pk is increased, by enabling larger CPL voltage lower bound,
7velk, for the DC microgrid, the condition can still be satisfied.
This gives rise to another DC microgrid design insight such
that a higher level of the steady state load voltage is helpful
for the stable operation of DC microgrids. It is in line with
the common intuition that a higher level of voltage in the DC
microgrid is helpful for stability [43]. Notice that the condition
given in Corollary 1 does not impose any additional constraint
on the lower bound of δk. Recall that δk = Clk ·pk/(velk)2, the
result implies that the values of pk and velk have less influences
on the locally robust stability of the DC microgrid.
2) Application to Distributed Control: Recently, some dis-
tributed controllers have been proposed to replace the V-I
droop controllers for DC microgrids [7], [8]. The modeling
method presented in this paper and the corresponding stability
results can be easily extended to DC microgrids with these
distributed controllers. In the following we use an example to
demonstrate this.
Similar to that of [7], we consider a distributed control law
for voltage regulation. We adopt a communication network
like [49], which enables each source to communicate with the
sources on the neighboring buses. The goal of the voltage
regulation is to let DC bus voltage vbk track a reference v∗bk.
To accomplish this goal, the source voltage vk is controlled
to decrease the sum of the tracking errors in its neigh-
borhood. Let vb = [vb1, · · · , vbn]T , v∗b = [v∗b1, · · · , v∗bn]T ,
v = [v1, · · · , vn]T , and W be the adjacency matrix of the
graph G. With the distributed control law, the dynamics of the
sources’ output voltage are given as follows,
v˙k = gk
Nk∑
j=1
(
v∗bj − vbj(t)
)
,
v˙ =
n∑
k=1
gkDkW (v
∗
b − vb),
where gk > 0 is the control gain, and the dynamics of vk
are determined by a weighted sum of the tracking errors
in the neighborhood. Regarding the vector equation, the kth
entry of W (v∗b − vb) equals
∑Nk
j=1(v
∗
bj − vbj(t)). With the
distributed control law, v becomes a control state, and every
equilibrium of v makes sure that the weighted sum of the
tracking errors to be zero. Seeing that the goal of voltage
regulation is accomplished when the equilibrium is stable, the
locally robust stability analysis is of significance to study.
The main results of the paper can be applied for the analysis.
The state variable of the closed loop system is augmented
by the control state v. Let ζ = [vT , xT ]T be the augmented
state variable. The dynamics of v are linear in ζ, and the
dynamics of x has a linear term in ζ and a nonlinear term
concerning the CPLs as well. Thus, the dynamics of ζ can be
characterized by a system similar to system (4). The problem
can also be formulated as a stability analysis problem of a
polytopic uncertain linear system with uncertainties lying on
the diagonal entries of the system matrix. We can apply the
proposed robust stability framework for this problem.
IV. CASE STUDY
A. Simulation Validation
In this subsection, we demonstrate the effectiveness of the
robust stability framework proposed in Section III.
The case study is based on a nine-bus DC microgrid shown
in Fig. 3. Each source is under the V-I droop control, and the
output voltage is given by vk = vrefk −dkisk, k = 1, · · · , 9. The
parameters of the kth bus are shown in TABLE I. Suppose that
each load power is unknown and may take values in the range
[5kW, 20kW]. Let pnk be the nominal power of the k
th CPL,
and it is given by pnk = 15kW. In addition, the operationally
feasible range of each steady state CPL voltage velk is set
as [360V, 440V]. The simulation studies are conducted on a
laptop with Intel Core i7. The model of the DC microgrid is
built and simulated by MATLAB/Simulink, and the convex
problems given in the proposed robust stability framework are
solved by MATLAB convex optimization toolbox CVX [50],
[51]. Notice that any other simulation and optimization tools
can be used for the case studies.
GL
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Fig. 3. The nine-bus DC microgrid
TABLE I
SPECIFICATIONS OF THE FIVE-BUS DC MICROGRID
rsk 0.05 Ω rlk 0.05 Ω
Lsk 0.9 mH Llk 0.9 mH
Cbk 0.75 mF Clk 0.7 mF
rjk 1 Ω pnk 15 kW
pk 5 kW pk 20 kW
velk 360 V v
e
lk 440 V
vrefk 400V
With given constrains on the power and steady state voltage
of the CPLs, we study the stability of the DC microgrid’s
equilibria that lie in an operationally feasible set as discussed
in Section III-A. Existing works only consider the stability
of one given equilibrium which requires the full knowledge
of the CPL power profiles [11], [17], [18], [20]. Furthermore,
8their results cannot guarantee the stability of all the possible
equilibria in the feasible set. We demonstrate this by using
a simulation example. In this example, we apply existing
works to the DC microgrid with nominal CPL power. For
the resulting deterministic system, all its equilibria can be
found. However, with nine CPLs in the microgrid there are
generally 512 equilibria. Sorting out the equilibrium that
the DC microgrid operates at is difficult since there are no
general results for this determination [43]. By using numerical
methods [11], [18], we find that the DC microgrid will operate
at a stable equilibrium when each CPL power equals 15kW.
However, when load power is different from 15kW other
equilibria in the feasible set may still be unstable. Suppose
that all the CPL power is the same and let each CPL power
increase from 5kW to 20kW. The simulation results of the load
power and the DC bus voltage of bus 1 are shown in Fig. 4.
From the figure, even though the DC microgrid is stable when
the CPL power is 15kW, the microgrid becomes unstable when
the load power increases to around 16kW.
Fig. 4. The load power and the DC bus voltage of bus 1 when the droop
gains are 0.06
Fig. 5. The load power and the DC bus voltage of bus 1 when the droop
gains are 0.2
In fact, the DC microgrid may operate at every equilibrium
in the feasible set. There needs a numerically efficient method
to determine the stability of all the operationally feasible
equilibria, which gives rise to the application of the proposed
robust stability framework. From the results given in Sec-
tion III-B, the feasibility of either problem (9) or problem (10)
guarantees the robust stability of the DC microgrid. By using
the convex optimization toolbox CVX, neither of problems (9)
and (10) is feasible when the droop gains are 0.1. This
infeasibility happens because not all the equilibria in the
feasible set are stable when droop gains are 0.06. However,
when the droop gains are set as 0.2, problem (10) is feasible,
indicating the DC microgrid will be robustly stable with the
increased droop gains. This is verified by the simulation results
shown in Fig. 5. From the figure, the DC microgrid remains
stable when the load power varies in the interval [5kW,20kW].
The results demonstrate the effectiveness of the proposed
robust stability framework.
It is worth mentioning that the CVX spends 13.48s to solve
the problem.
B. Study on Conservativeness
In this subsection, we study the conservativeness of the
proposed robust analysis framework. We quantify and compare
the conservativeness of Lemmas 1, 2, and Proposition 1. In
addition, we discuss the importance of system parameters to
robust stability and the relationship of CPL power with voltage
levels.
Although quantification of the conservativeness of optimiza-
tion problems are often times difficult, we provide one ap-
proximated quantifying method to help clarify the applicability
of our work. Recall that the feasibility of problems (7), (9),
or (10) in the conditions provides stability certificate to a
certain collection of DC microgrids. A condition is said to be
more conservative than another when there exists DC micro-
grid that only the latter can certify. From Section III-C, with
the increase of δk, it becomes more difficult for a condition to
hold. The upper bound of δk that keeps a condition hold can be
used as a quantification of conservativeness. Let δ
u
l , l = 1, 2, 3,
be this upper bound for Lemmas 1, 2, and Proposition 1,
respectively. It is clear that if δ
u
3 > δ
u
2 , Proposition 1 not
only can certify all the DC microgrid certifiable to Lemma 2
but also is able to certify other DC microgrids. Then we can
conclude that Proposition 1 is less conservative than Lemma 2.
We use line search methods to find δ
u
l of each condition.
One other method is to use δk as a decision variable. This
makes the problems non-convex due to bilinear couplings. On
the other hand, we can use line search methods to gradually
approach δ
u
l . For example, we can let the initial value of each
δk be 1, and incrementally increase its value by 1 until a
problem becomes unfeasible.
We apply the above described method to an eight-bus DC
microgrid obtained from [5]. The topology of the microgrid
is shown in Fig. 6. Notice that there is only one source or
load on each bus. Let the droop gains be 0.20 and the system
parameters such as inductance, capacitance, and resistance
be the same as those in TABLE I. The results are given
in TABLE II. They verify our discussions concerning the
conservativeness and computational issues regarding the three
conditions in Section III-B. For problem (10), the results
9L
Bus 1
G
Bus 2
Bus 4
G
Bus 6
L
L
Bus 3
Bus 5
G
Bus 7
L
Bus 8
L
Fig. 6. The eight-bus DC microgrid
show that it has a good approximation of problem (7). For
problem (9), it is conservative but the least computationally
demanding. From the proof in Appendix A, this is because
we replace the bound on a decision variable, γ, to reduce the
number of LMIs. For this case study, the replaced bound can
be 7 times larger than the previous bound.
TABLE II
APPROXIMATED δ
u
l AND AVERAGE COMPUTATION TIME FOR THE
EIGHT-BUS DC MICROGRID
Lemma 1 Lemma 2 Proposition 1
Approx. δ
u
l 220 51 201
Ave. Com. Time 5.3s 2.6s 2.8s
Additionally, one can observe that the quantified conserva-
tiveness, δ
u
l , depends on the topology and system parameters
such as inductance, capacitance, and resistance. By maneu-
vering the system parameters, the conservativeness of the
problems may change subsequently. For example, if we modify
the transition resistance to 0.3Ω, then the approximated δ
u
l of
problems (10) and (7) become 153 and 170, respectively. This
indicates the importance of system parameters to the robust
stability of a DC microgrid.
At last, the quantity δ
u
l also gives practical implications on
the relationship of CPL power with voltage levels. Notice that
δk is a function in the operational bounds of CPL power and
voltage, we can find the following inequality,
pk
Clk(velk)
2
≤ δul .
It can be used for practical DC microgrid operations and
answers the following two questions: 1. With given maximum
CPL power, how should the CPL voltage be regulated to keep
stability? 2. With given lowest CPL voltage, how to design the
bounds for CPL power for stability? For example, when the
upper bound of CPL power is known, the inequality translates
into a minimum certifiable value for the CPL voltage. If the
CPL voltage is regulated above this value the microgrid can
be ensured to be locally robustly stable. Similarly, we can
also find the maximum certifiable CPL power that makes
the system stable with given velk. Regarding the eight-bus
DC microgrid with transition resistance being 0.3Ω, δ
u
1 of
problem (7) is 170. When velk is set to be 360V, Lemma 1
provides stability certificate for DC microgrids with CPL
power less than 15.4kW. To see this, we run simulations
with load power increasing from 11kW, the system becomes
unstable at around 6s as shown in Fig. 7. On the other hand,
in order to support 20kW CPL power, the minimum certifiable
velk is 410V. If we increase the droop references to 440V, from
simulation results shown in Fig 8, the voltage level of the CPL
stays above 410V so that the system can successfully support
all the five 20kW CPL.
Fig. 7. The load power and the DC bus voltage of bus 7 when the droop
references are 400V
Fig. 8. The load power and the DC bus voltage of bus 7 when the droop
references are 440V
V. CONCLUSION
This paper focuses on stability analysis problem of a general
DC microgrid with uncertain CPLs. We study the DC micro-
grid’s equilibria that lie inside an operationally feasible set.
When uncertainties are involved, it is difficult to find the actual
equilibria that the DC microgrid will converge to. Existing
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works focus on the stability analysis of a given equilibrium
with known CPL power, hence they cannot be applied to this
problem. Since the microgrid may operate at any equilibrium
in the feasible set, the problem is formulated as a robust
stability analysis problem of linear systems with polytopic
uncertainties on system matrices. A robust stability framework
is proposed in the paper where a set of sufficient conditions
are presented. Computationally efficient convex problems are
formulated to facilitate the analysis. We use case studies
to demonstrate the effectiveness of the results. For future
research, we will further study the conservativeness issue in
the conditions and the control synthesis for stabilization.
APPENDIX A
PROOF OF LEMMA 2
Proof. We assume that problem (9) is feasible. Let P = PT 
0, t > 0, and γ > 0 be the solution of the problem. To prove
that system (4) is locally robustly stable, from Lemma 1 it
suffices to show that each matrix PAvj + (A
v
j )
TP is negative
definite, j = 1, · · · , 2n.
Let ∆δk = δk − δk and ∆Avj = Az −Avj .
The matrix Avj can be expressed in terms of Az and each
∆δk as follows,
Avj = Az −∆Avj = Az −
n∑
k=1
∆δkD3n+k. (12)
Substituting equation (12) into PAvj + (A
v
j )
TP yields,
PAvj + (A
v
j )
TP = PAz +A
T
z P −Qj . (13)
Since the matrix PAz+A
T
z P  −γI4n, if the smallest eigen-
value of Qj is larger than −γ, the matrix PAvj + (Avj )TP is
negative definite. Unfortunately, Qj is not necessarily positive
definite, lower bound on the smallest eigenvalue of Qj are
required and can be provided by upper bounding the largest
absolute eigenvalue of Qj with γ.
For a matrix M , let ||M || be the 2 norm of M . Recall that if
M is symmetric, ||M || equals the largest absolute eigenvalue
of M , and the 2 norm of the diagonal matrix
∑n
k=1 ∆δkD3n+k
equals δmax, from equation (8) we have
||Qj || ≤ 2||P || · ||
n∑
k=1
∆δkD3n+k|| ≤ 2t · δmax < γ, (14)
hence, the largest absolute eigenvalue of each Qj is less than
γ, and PAvj + (A
v
j )
TP is negative definite, j = 1, · · · , 2n.
This completes the proof.
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